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ABSTRACT

In this paper, we present a new residue number system
(RNS) {2" —1,2™,2" + 1,2" " 4+ 1,2"7! + 1} of five well-
balanced moduli that are co-prime for odd n. This new RNS
complements the 5-moduli RNS system proposed before for
evenn {2"—1,2",2" +1,2""* — 1,271 —1}. With the new
set, we also present a novel approach to designing multi-
moduli reverse converters that focuses strongly on moving a
significant amount of computations off the critical path. The
synthesis of the resulting design over the ST Microelectron-
ics 65nm LP library demonstrates that the delay, area, and
power characteristics improve the performance and power
consumption of the existing complementary 5-moduli set.

Categories and Subject Descriptors

B.2.4 [Arithmetic and Logic Structures]: High-Speed
Arithmetic — cost/performance

General Terms
Performance, Design, Theory

Keywords

Reverse Converter, 5-moduli Set, Residue Number System

1. INTRODUCTION

The residue number system (RNS) is a non-positional
number system capable of improving performance and re-
ducing power consumption of add/multiply-intensive integer
datapaths by decomposing computations into r small mag-
nitude, independent, and parallel residue channels. This re-
sults in reduced carry propagation in additions as well as size
and depth of the partial product matrices in multiplications
as compared to the classic 2’s complement system (TCS).
Consequently, the critical path delay, area, and power con-
sumption may simultaneously reduce, leading to faster and
more efficient circuits. RNS arithmetic is especially effective
in digital signal and image processing applications [10,11].
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RNS datapath interacts with its TCS environment through
forward and reverse conversions. Both require extra hard-
ware, power, and time to be carried out. Especially the re-
verse conversion complexity grows significantly with increas-
ing number of moduli, therefore, new RNSs are proposed
along with their respective reverse converters, and each ap-
plication requires careful balancing of their trade-offs [7].

Special moduli, even of the form 2" and odd of the form
2" —1 and 2" + 1, simplify the design of all basic arithmetic
operations as well as forward and reverse conversions [7].
Therefore, many special moduli sets have been proposed.
These include the classic three-moduli set {2" + 1,27, 2" —
1} [4,9] as well as four-moduli sets, e.g. {2"+1,2"—1,2"1 4
1} [1,2]. However, many of those already proposed, includ-
ing five-moduli sets {27, 22" 1 —1,2"/2_1,2"/241, 2" 41} [5]
and {2",2"/% — 1,22 +1,2" + 1,2>"1 — 1} [6], suffer
from significant imbalance in channels’ magnitude, making
one channel a computational bottleneck, while leaving other
with an unutilized timing slack, consequently diminishing
the very advantages of the modular decomposition.

While the 5-moduli set {2"41,2",2" —1,2"! —1, 2771 —
1} [3] addresses this problem, it is co-prime only for even n,
and as such offers only a coarse coverage of its (5n — 1) bits
of the dynamic range, stepping by 10 bits for subsequent
even n. In this work, we propose a new special 5-moduli
set {27 +1,27,2™ — 1,2 + 1,277 + 1} that is co-prime
for odd n and as such it is complementary to the one of [3].
More importantly, we propose a novel approach to designing
multi-moduli reverse converters that: (i) attempts at mov-
ing non-critical computations off from the critical path, (ii)
carries the constant modulo 2" + 1 multiplications in n-bit
wide carry-save adder (CSA) trees, and (iii) employs a novel
technique of subtraction-free computation of the final value.

2. RNS AND CONVERSION BASICS

An RNS is defined by a set of r pairwise co-prime integer
moduli {mi,ma,...,my}. Its dynamic range M equals to
M =TI;_, mi. An integer value X € [0, M — 1] is uniquely
represented by the r-tuple {z1,...,z,} of residues x; : z; =

% calculated with respect to {m1,ma,...,m,}.
Given X,Y represented by {z1,...,2zr}, {y1,...,yr}, re-
spectively, Z = |X oY],, can be computed as z; = |z; o

Yilm;, 1 <@ <7 for o € {+,—, x}. Each RNS digit z; of
the result depends solely on x; and y; and its calculation
does not involve other digits z, for any k& # ¢. That very
parallelism is the primary advantage of applying the RNS.

There are two ways of calculating | X|,, from {z1,...,2,}
given {mq, ma,...,m,}. The first method is the Chinese



Reminder Theorem (CRT) typically formulated as

.
> g |z |

7 ARETS m;
i=1

% and m;l is the multiplicative inverse of m;
9], i.e., |7 -1; *|m; = 1. The CRT is inherently parallel at
the expense of a large multi-operand addition mod IT;_;m;,

whose hardware implementation could be disadvantageous.
The second method is the Mized-Radiz Conversion (MRC)

X = (1)

M

where m;

X =x1+dimi+domima+.. .—|—d,«_1(m1m2 cee m,n_l). (2)

MRC calculates the mixed-radix digits {z1,d1,d2, ... ,dr—1}

from residues and represents X over the mixed-radix base

{1,m1,mima,...,mimg---my_1}. Beinginherently sequen-
tial, MRC has the advantage of computing modulo opera-

tions of a magnitude of single moduli throughout the whole

conversion process. A special two-moduli case of (2) (2-

MRC) is often used for constructing multi-moduli reverse

converters in a recursive, modulus-by-modulus fashion

X=xz1+m |(x2 — x1)mfl|m2 .

—_—
dq

3. DESIGN OF THE CONVERTER

In our five-moduli RNS, we denote m; = 2" —1, mgo = 2",
ms =2"+1, mqg = ontl 4 1, and ms = on—l 4 1, while
the residues corresponding to these moduli as x; through
xs5. Similarly to [3] and many other, our converter carries
out the conversion in the following three steps.

1) Convert the residues {x1,x2,x3} using an efficient CRT-
based three moduli converter of [4]

X1 =x2+ 2m. |2n(1'3 — 1‘2) + 2”171(27L + ].)(1‘1 —

®3)

‘r3)|22n,1

Xn

Note that 0 < X; < My and M; = 2"(2*" — 1).
2) Apply 2-MRC to the pair of values {X1, x4} over the two-
moduli set {Mi,ma} to obtain a residue X2, 0 < X2 < Mo,

and the new module Mo = Mimay
Ly

—_——
Xo=X14+ M | (s — X1) My |y - (4)

Ry
3) Apply 2-MRC to the pair of values { X2, x5} over the two-
moduli set {Ma,ms} to obtain the final conversion result X,
0< X <M, where M = Mams
Ls

PN, 1
X =Xo+ M| (x5 — X2) My |imy

Rs

()

In the reminder of this paper, we develop the techniques to
improve the efficiency of such conversion process.

3.1 Preliminaries

We leave without a proof the co-primality of the set {2" — 1,
on o 41, ntt 41, onl 4 1}7 as well as we assume the
existence of X1, i.e., the result of the conversion of residues
{1, 22,3} with respect to moduli set {m1, mz, ms}.

The inverses M1_1 and MQ_1 have to satisfy respectively

(6)
(7)

-1
‘Ml m1m2m3’m4 =1

—1
|M2 m1m2m3m4| =1
ms
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In [1], it was observed that for ms
ms=2"+1,and mg = 2" +1

2m — 1,

n—>5
=
Mit=2"4+ )y 2ot
k=1
Similarly, if ms = 2"~! + 1 then

Myt =187 (9)

satisfies (7) for odd n. The bit-level structure of this inverse
as a function of n is given in Figure 1.
3.2 Multiplication by a Constant mod 2* + 1

Because both 2-MRC steps require multiplication by a
constant, we take the uniform approach to this computa-

tion. Let an integer X* = (za,...,x0) and a constant
C = (ca,---,c0) be (a + 1)-bit wide mod 2% + 1. Let
X" = (xa-1,-..,%0) be a vector of a least significant bits
of X*. Then we have
@ a—1
[CX X |yayy =|C > 2% =|C2%,+C ) 2'z;
=0 20041 =0 2041
Because [2%|,a; = —1, therefore
[e3 a—1
|C x X|20url = Z CiQiZQjm]' —Cza
=0 Jj=0 20041
\ﬁ/—/
2i X1

The value of 2 X" can be easily computed by means of left
circular shift with bit inversion and adding correction

a—1
2'X" =2'> 22, = CLNL(X",i) — 2" - 1),

j=0
where CLNQ(U,p) = (U(a_p), s U0, U(a—1)y - - - ,ﬂ(a_p+1))
for any a-bit wide integer U = (uq-1,...,u0) and 0 < p <
a.
Thus, the multiplication |C' x X*|,. ., can be computed as
> @ -1)-Ca,

1=0

> eiCLNL(X" i) —ci
=0 2041
and implemented by a multioperand modular adder (MOMA)
[8] of « least significant bits of X™ rotated with inversion,
and a conditional correction depending on the value of the
most significant bit x, of X™.

3.3 Calculation of 2-MRC

Subsequent applications of the 2-MRC produce deep com-
putational paths that contribute to either delay or latency.
We alleviate this disadvantage by decomposing each 2-MRC
step into a critical and a non-critical component, and then
move the latter off the critical path and compute it in par-
allel.

1) Calculation of Ly: Ls = |24 — Xi|m, from Equation
(4) is computed from the 3-moduli converter output X; as

Ly = |24 — Xulgnt14y = |24 — (2" Xn + 22) 304144

(11)

= |x4 — X2 _2nXh‘2n+1+1

L
Because X is a 2n-bit wide integer mod 22" — 1, x4 is
an (n + 2)-bit wide integer mod 2" + 1, and z2 is an
n-bit wide integer mod 2™, a direct computation of L4 in
an (n + 1)-bit wide CSA mod 2" " 4 1 requires six (n + 1)-
bit wide operands. Observe that the inputs zo and x4 are



QN2 gnTd SRR g0iHT | SR 290t 20 forn=6k+1, k> 1

|1871 gn—li41 T Zf:o 2% — Zi:ol 20043 forn=06k+5, k>1 (10)
PR D D M S forn=6k+3, k>1
Figure 1: The distribution of significant bits in ‘1871 gn—141

available much earlier than the output X; of the 3-moduli where xs5,i, T2,i, Tn,; are respective bits of x5, 2, Xh.
converter. Therefore, the residues x2, x4 as well as the cor- Once Lj is computed, we compute Ls as
rective constant (available at the design time) can be added I 1 Lot Faop n
separately and scheduled in parallel to the computation of 5:(n=2)"5,(n=3) - - 75,0 T T4, (n=3) - - - 74,074,(n—2)
X}, thus forming a new component L}, so that each of ad- 7”47(”,9. ’ .r4,17(r4,3|r4,<n+1>)r47(n,2)r47;(n,3>r47(n,4)+
ditions needed to obtain L} and X}, requires three operands 0. 0Ty (nt1)TanTa,(n—1)T4nTa, (=)', (n—1) an—141

only.
Let x4,; and z2,; denote the i-th bit of vectors x4, and 2,
respectively. Then L) can be computed as

(Tan V Ty (ng1))Ta,(n-1) - - Ta0 +

_ i _ 12
Ta,(n1)T2,(no1) - - T2,0 — 2" 2 + 1 an+141 (12)

so that L4 can be computed from L} and X}, as

fh70l4/1,(n+1)05h,(2n71) - Th,(n+2) +
Zh,(n+1) ---Th,1 +

’ ! ! ! / /
(U V U 1) U 1) V U 1))l n—2) -+ - a0 gn+141

where lyi, Iy ;, Tn,i are respective bits of Ly, L}, Xn.

Consequently, both L} and L, are then computed in a
cascade of two 3-operand MOMAs mod 2" + 1, each com-
posed of a single layer of CSA followed by the 2-operand
adder mod 2"! 4 1. Since L does not depend on X}, they
can be computed in parallel, reducing the computations on
the critical path to the 3-operand addition mod 2"+ + 1.
2) Calculation of R4: Applying the technique proposed
in Section 3.2, we obtain the following expression for R4

CL]YSH+1)(Ha DCLN11) (LY, 4)  +
EIZ CLN(n+1)(LZ7n — 2k) +
CLN(n41) (LY, n) -

Liyng1y - (—2M7 1) 4 1y gy - (—M7Y) gnt1qq

%H—operand addition
mod + 1 of terms constructed by cyclically shifting
and complementing n least significant bits of Ls and the
corrective term computed from the bit Iy (541).

3) Calculation of Ls: Similarly to the calculation of Ly,

we rewrite Ls from Equation (5) as
Ls = x5 — X1 — 2" Ry + 2"Rylon-141
Because [2°"|yn-1,, = —8 and [2"|yn-1,, = —2, therefore
Ls = |6R4 + x5 — X1‘2n—1+1
= |6R4 + x5 — 2”33’2 + X5 |2n—1+1
—_—— —

Consequently, we calculate R4 as an
2n+1

(13)

Observe now that: R4 is an (nL % 2)-bit wide integer mod
2" 1 1; X is 3n-bit wide integer mod 2"(22" —1); and x5
is an n-bit wide operand mod 2"~ 4+ 1. A direct computa-
tion of (13) in a mod 2"~ +1 CSA tree with the necessary
constant correction requires chopping these vectors into 11
operands. Again, we leave on the critical path only the com-
putations that depend on R4, and compute L} separately in
parallel, compressing it with some bit-level manipulations to

(@5,(n-2)T5,(n-1)) - - - X5,0 + T2, (n—2) - - - T2,0F

Il — | Thi(n=3) - Th(0)T2,(n-1) +
L=

Th,(2n—4) -+ Th,(n—2) +

x57(n_1)0 [P th’(Qn_l) .. .Eh,(gn_g) — 80 on—141
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where r4,; and 5 ; are the respective bits of R4 and L5.
4) Calculation of Rs: By applying again the technique
from Section 3.2 to each of the variants of the multiplica-
tive inverse My ! from Figure 1, we obtain three alternative
equations to calculate Rs.

Forn=6k+1, Rs =

CLN - (Lhm ~2) + CLNG o (En 34
Zi:(? CLN(p—1)(L¥,6i+7) +
Soi=g CLN(n 1) (LY, 6+ 4) N
Lg + l5’(n+1)| - M£1|2n_1+1 on—141
For n =6k + 3, Rs =
CLN(n_1y(L¥,n = 3) + CLN( 1y (LY, n — 4)+
Zf;()l CLN(n—l)(Lg, 61 + 2) +
S5 CLN (1) (LY, 6i + 5) n
ls,(nt)| = M;1|2"*1+1 an—141
For n =6k + 5, Rs =
Siq LN (L8,60)  +
Yico OLN(n—1)(Lg, 6i +3)+
bs,(nan)| = My fan-14 gn—141

3.4 Final Multiplication and Addition

To compute the value of X, we rewrite (4) and (5) as
DRy +2"(2°" — 1) (2" + 1)Rs
D" +1)Rs).

V2

xo + 2" X, + 27 (27" —
=10 4+ 2" (Xpn 4 (27" — 1)Ra + (2> —

|41

14

Again, only V5 depends on the critical path component Rj,
while the calculation of Vi from previously computed X
and R4 can be done separately in parallel. Both Vi and
V5 have to be calculated through a series of constant multi-
plications, additions, and subtractions. However, some bit
level manipulations allow to integrate constants and extract
critical and non-critical components into terms VY, V3 that
conceptually correspond to terms Vi and Va, yet minimize
the number of vectors for the final addition.

V=Xn4+ 2" —1)Rs + (2" = )" +1)Rs) — 1 +1

v/

’
Vi 2

1
Vll =0... 07‘4’(n+1) e 7’4,0$h,(2n71) ... Th,0
1...101... 1% (ny1y ... T 1.
+ T4,(n+1) T4,0 +
2n+1 n—2
Vs =75,(n-1) - - - 75,00(T5,(n—1) V T5,(n-2)) - - - (T5,(n—1) V 7'5,0)

||?57(n_2) .. .F5701?51(n_1) .. ‘75’0,



Table 1: Left: the hardware complexity estimation of the new converter. Right: the minimum delay (M.
del.), area, power and power-delay-product (PDP) at the minimum delay as a function of n

Resource 3] This work

FA,n=6k—2 | (5n% +44n —4)/6 M. del. [ns] Area [pm?] Power [mW] PDP [mW -ns]
FA, n = 6k (5n2 + 52n — 12)/6 - n 3] T New [3] New [B] T New [3] New
FA,n=06k+2 | (5n2+48n —8)/6 6 | 5.67 ~ [ 11950 | 1.88 - 10.66 -
FA, n =6k +1 (5nZ +35n—4)/6 7 - | 5.83 - | 14611 - | 248 - | 14.46
FA, n=6k+3 (5n2 4 31n +18) /6 815383 - | 16114 - 3 - | 1749 -
FA,n=6k+5 (5n2 + 27n + 22)/6 9 - | 6.28 - | 19508 - 3.53 - 22.17
oA . Gn+23)/2 10 | 6.6 - | 21550 - | 439 - | 2897 -
T 5 3 11 - | 6.58 - | 24671 - | 469 - | 30.86
d T 5 3 12 | 6.99 - | 26068 - | 598 - | 41.80 -
- 13 - | 6.82 - | 30528 - | 625 - | 4263
mod 27" — 1 1 1 14 | 6.99 ~ | 31657 - | 686 ~| 4795 -
(3n — 1)-bit sub 1 - 15 - | 691 - | 36533 2| 778 - | 53.76
(8n + 1)-bit sub 1 - 16 | 7.37 - | 38441 - 912 S| 6721 :
4n-bit add 1 2 17 - | 7.37 - | 43118 - | 10.32 - | 76.06
Inv., n even 6n+1 - 18 | 7.92 - | 47588 - | 12.66 - | 100.27 -
Inv., n = 6k + 1 (5n% +150n + 65)/12 || 19 - | 773 - | 49882 - 1211 - | 9361
Inv., n = 6k + 3 - (5n2 4+ 146n — 3)/12 || 20 | 8.15 - | 51597 - | 1297 - | 105.71 -
Inv., n =6k+5 (5n2 +130n + 65)/12 || 21 - | 772 - | 57249 - | 13.74 - | 106.07

Misc. (n —5) OR, 1 MUX

As a consequence, the term V7 can be computed using a
2-operand adder with the carry-in input set to 1, whereas
the term V4 is obtained by manipulating bits of the vector
Rs. The conversion result X is obtained by concatenating
2o with the result of 2-operand addition of V{ and V4 in
an adder with carry-in bit set to 1, which concludes the
calculation. Table 1 details the complexity of the new design
as compared to the design of [3].

4. EXPERIMENTAL RESULTS

Table 1 includes also the synthesis results of our design
and the complementary design of [3] over the industrial
65nm low-power cell library from STMicroelectronics using
Cadence RTL Compiler v8.1. We limited our comparisons to
the design of [3], wherein the authors had already thoroughly
compared their design to the other 5-moduli sets, and our
closely matching delay, area, and power consumption trends
our design fit into that comparison.

The results summarized in Table 1 also show clearly that
our design techniques have alleviated the impact of the in-
creased complexity of the new moduli set and the resulting
design is competitive to the original design of [3] w.r.t. delay,
area, and power, even though it has to deal with accumu-
lation of an increased number of partial product vectors in
inner product computations.

S. CONCLUSIONS

We proposed a new balanced 5-moduli RNS and its re-
verse converter that complements the only existing balanced
5-moduli set available for even n introduced in [3], thus
bridging the 10-bit gap between consecutive dynamic ranges
available for that RNS. On the example of our converter,
we demonstrated three novel design techniques that allow
to reduce the critical path delay of the conversion circuit,
enabling the automatic synthesis tools to produce smaller
and less power consuming circuits. It is important to note
that many recent results on special RNSs focus on designing
simple converters with little attention being paid to the com-
plexity of the datapath’s channels: the underperformance of
the unbalanced channels can quickly consume any benefits
not only of a simpler converter but also of RNS in gen-
eral. Both the converter of [3] as well as ours are against
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this trend: they use well-balanced moduli sets for which not
only a relatively simple reverse converter can be designed
but also simple forward converters and most importantly
balanced datapaths channels.
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